]. It is found that solitary wave solution of the KdV equation is stable at the order k 2 , where k is the wave number for long-wavelength plane-wave perturbation.
I. INTRODUCTION
The small-k perturbation expansion method of Rowlands and Infeld [1] [2] [3] [4] [5] is generally used to analyse the lowest order stability of solitary wave solutions of different nonlinear evolution equations in plasmas, where k is the wave number for long-wavelength plane-wave perturbation. Several authors [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] have used this method to investigate the lowest order stability of solitary waves in plasmas with or without magnetic field.
The small-k perturbation expansion method of Rowlands and Infeld 
Here φ (1) is the first order perturbed electrostatic potential, ξ, η, ζ are the stretched spatial coordinates and τ is the stretched time coordinate and we have used the following notations:
∂ζ 2 . The coefficients A, B 1 , C and D are, respectively, given in the equations (17) , (18) , (5) and (19) of Sardar et al. 20 They have used the appropriate stretchings of the independent variables and the appropriate perturbation expansions of the dependent variables to derive the three-dimensional KP equation (1) . This KP equation admits the following solitary wave solution:
where X = ξ − Uτ and U is the dimensionless velocity (normalized by C D , C D = linearized velocity of the DIA wave for long wave length plane wave pertubation of the present plasma system) of the travelling wave moving along x -axis, i.e., U is the dimensionless velocity of the wave frame.
The amplitude (a) and the width (W ) of the solitary wave solution (2) are given by
The solution (2) is the steady state solution of the KP equation (1) along the x -axis.
This solution is same as the solitary wave solution of the KdV equation corresponding to the KP equation (1), i.e., the steady state solitary wave solution of the KdV equation
is exactly same as the equation (2). Sardar et al. 20 have studied the lowest order transverse stability of the solitary wave solution of the KdV equation (4) using the three-dimensional KP equation (1) . In the present paper, our aim is to study the higher order transverse stability of the solitary wave solution of the KdV equation (4) using the three-dimensional KP equation (1) .
II. STABILITY ANALYSIS
To analyze the stability of the solitary wave solution (2) of the KP equation (1), we use following transformation of the independent variables:
Using the transformation (5), the KP equation (1) can be written as
where we drop the primes on the independent variables η, ζ and τ to simplify the notations.
It is simple to check that the equation (6) is satisfied by the expression of φ
as given in (2) . It is also important to note that φ (2) and so this solution is the steady state solution of the KP equation (1) or the corresponding KdV equation (4).
As φ 0 (X) is a steady state solution of (6), we can decompse φ (1) as
where q(X, η, ζ, τ ) is the perturbed part of φ (1) .
Substituting (7) into (6) and then linearizing it with respect to q, we get the following linear equation for q:
where we have used the equation (2) to simplify the above equation and and we have used the following notations:
Now, for long wave length plane wave perturbation along a direction having direction cosines l, m, n, we take
where k is small and
Due to the space time dependence of q for long wave length plane wave perturbation as described in equation (9), the equation (8) of q transforms to the following equation of q:
where
Following the multiple-scale perturbation expansion method of Allen and Rowlands,
23,24
we expand q(X) and ω as
Finally, substituting (12) and (13) into the equation (10) and then equating the coefficients of different powers of k on the both sides of the resulting equation, we get the following sequence of equations:
and R (j) for j = 0, 1, 2, 3 are given in Appendix A.
Following Das et al. 31 , the general solution of (14) can be written in the following form:
3 are all arbitrary functions of X 1 , X 2 , X 3 , ..., and f , g, h, and, χ (j) are given by
Using (17) and (18), we can write equation (16) in the following form:
Here S = sech[
] and φ 0 is given by (2).
A. Zeroth order equation
The solution (19) of the equation (14) for j = 0 can be written as
where we have used the equation (49) of Appendix A and the equation (15) to find Q (0) . Now it is simple to check that S −2 → +∞ as X → +∞. Therefore, to make q (0) bounded we must have
Using (21), the equation (20) can be written in the following form:
Again, q (0) is consistent at X = +∞, i.e., q (0) → 0 as X → +∞, if we choose
Therefore, the equation (22) takes the following form:
B. First order equation
Using the equation (50) of Appendix A and (24), the solution (19) of the differential equation (14) for j = 1 can be put in the following form:
2 + 4aA
where we have used MATHEMATICA 37 to compute all the integrals of right hand side of (19) for j = 1. Now q (1) can be made bounded and consistent at X = +∞ if and only if A
3 = 0 and consequently the equation (25) can be written in the form:
where we have used exactly the same argument as given in the lowest order equation to get the bounded and consistent solution q (0) .
Following Allen and Rowlands, 23,24 the first term on the right hand side of (26) 
Therefore, the equation (26) can be put in the following form:
C. Second order equation
Using the equation (51) of Appendix A, (24) and (28), the solution (19) of the equation (14) for j = 2 can be written as
where R = tanh[
], we have used MATHEMATICA 37 to find all the integrals of (19) for j = 2 and we have ignored the terms that have been included in the zeroth and first order solutions q (0) and q (1) .
The above expression of q (2) shows that q (2) is not bounded because of the presence of the exponential secular terms 1 S 2 and R S 2 . So, it is impotant to remove both the exponential secular terms simultaneously. Now, to remove both the exponential secular terms simultaneously, it is necessary to make a common factor of the coefficients of these two terms equal to zero. As W = 0, to get a common factor between the coefficients of the two exponential secular terms in the expression of q (2) , we write the arbitrary function A
2 in the following form:
and consequently q (2) can be written as
where B
2 is another arbitrary functions of X 1 , X 2 , X 3 , · · · . From the expression of q (2) as given in (31), we find that exponential secularity in the resulting expression of q (2) is due to the presence of the terms S −2 and RS −2 . Therefore, we can remove the exponential secular terms from the expression of q (2) by setting
This equation gives the following expression of (ω
The above equation is exactly same as the equation (47) From equations (30) and (32), we get A (2) 2 = 0. To make q (2) consistent with the condition that q (2) → 0 as X → +∞, we have
Again, according to the prescription of Allen and Rowlands, 23,24 the last term in the above expression of q (2) is the ghost secular term and this term can be removed from the equation (35) if we set
Therefore, the final form of q (2) can be written as follows:
From the above expression of q (2) , we see that q (2) is bounded for any real X and q (2) is consistent at X = +∞ but q (2) is not consistent at X = −∞, i.e., lim
is bounded, this inconsistency can be removed by proper grouping with the terms of higher orders. So, we consider the solution (19) for j = 3.
D. Third order equation
Using the equation (52) of Appendix A, (24), (28) and (38), the solution (19) of the equation (14) for j = 3 can be written as
where we have used MATHEMATICA 37 to find all the integrals of (19) for j = 3 and ignored the terms already taken in lower order solutions.
Substituting the expression of (ω (1) ) 2 as given in the equation (33) , the expression of q (3) can be simplified as follows:
From the expression of q (3) as given in (40), we see that exponential secular terms in the expression of q (3) is due to the terms 1 S 2 and R S 2 . To remove both the exponential secular terms simultaneously, it is necessary to make a common factor of the coefficients of these two terms equal to zero. As W = 0, to get a common factor of the coefficients of the two exponential secular terms in the expression of q (3) , we set
2 is another arbitrary functions of X 1 , X 2 , X 3 , .... Therefore, the equation (40) assumes the following form:
We can remove the exponential secular terms from the expression of q (3) by setting
From equations (41) and (43), we get A
2 = 0. Using this value of A
2 and the condition that q (3) is consistent at X = +∞, we have
Now q (3) can be written as follows:
and we have used the following equation to remove the ghost secular term appearing in the expression of q 
The above expression of q (3) shows that q (3) is bounded for any real X and q (3) is consistent at X = +∞ but q (3) is not consistent at X = −∞, i.e., lim
to note that q (3) contains same type of terms of q (2) , viz., (1 − R) and φ 0 . As q (2) and q (3) both are bounded, the inconsistent term of q (2) and q (3) can be removed by proper grouping with the higher order terms.
The equation (43) gives the following expression for ω (2) :
Equation (48) shows that ω (2) is imaginary along with iω (2) > 0 and consequently, the solitary wave solution (2) is stable at the order k 2 .
III. CONCLUSIONS
In the present paper, we have seen that solitary wave solution of the KdV equation is stable up to the order k 2 , where k is the wave number for long-wavelength plane-wave perturbation. From the physical point of view, this problem gives an idea of finding nonlinear dispersion relation between ω and k when the solitary wave solution (2) is the steady state solution of the nonlinear evolution equation (1) for small value of the wave number k.
APPENDIX A: R (j) -Integrand of the integration in equation (15) for j = 0, 1 , 2 and 3.
0 + iω (1) [q
1 + q 
